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abstract. The conformal Willmore functional (which is conformal invariant in general Riemannian 
manifold (M,g)) is studied with a perturbative method: the Lyapunov-Schmidt reduction. Existence of 
critical points is shown in ambient manifolds (R 3 ,g e ) -where g e is a metric close and asymptotic to the 
cuclidean one. With the same technique a non existence result is proved in general Riemannian 

manifolds (M, g) of dimension three. 
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1 Introduction 

The aim of this paper is to study a (Riemannian) conformally invariant Willmore functional. The study 
of Conformal Geometry was started by H. Weil and E. Cartan in the beginning of the XX century and 
since its foundation it has been playing ever more a central role in Riemannian Geometry; its task is to 
analyze how geometric quantities change under conformal transformations (i.e. diffcomorphisms which 
preserves angles) and possibly find out conformal invariants (i.e. quantities which remain unchanged 
under conformal transformations). 

Let us first recall the definition of "standard" Willmore functional for immersions in R 3 which is 
a topic of great interest in the contemporary research (see for instance [BK], [KS] and [Riv]). Given 
a 



compact orientable Riemannian surface (M, g^J isometrically immersed in R endowed with euclidean 



metric, the "standard" Willmore functional of M is defined as 
(1) W{M) = ( ^dS 



M 



4 



where H is the mean curvature and c?S is the area form of (M, g) (we will always adopt the convention 
that H is the sum of the principal curvatures: H := k\ + fea)- 
This functional satisfies two crucial properties: 

a) W is invariant under conformal transformations of R 3 ; that is, given 'J : R 3 — > R 3 a conformal 
transformation, W(V(M)) = W(M) (Blaschke 1929- White 1973). 

b) W attains its strict global minimum on the standard spheres S£ of R 3 (hence they form a critical 
manifold - i.e. a manifold made of critical points): 

f H 2 

(2) W{M) := / — > 4tt; W(M) = 4tt <s> M = Sg. 
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The proofs of the last facts can be found in [Will] (pag. 271 and pag. 276-279). 

Clearly the "standard" Willmore functional W can be defined in the same way for compact oriented 
surfaces immersed in a general Riemannian manifold (M, g) of dimension three. Although this functional 
has several interesting applications (see for instance the Introduction of [Mon]), it turns out that W is 
not conformally invariant. 

As proved by Bang- Yen Chen in [Chen] (see also [Wei] and for higher dimensional and codimensional 
analogues [PW] ), the "correct" Willmore functional from the conformal point of view is defined as follows. 
Given a compact orientable Riemannian surface (M,g) isometrically immersed in the three dimensional 
Riemannian manifold (M,g), the conformal Willmore functional of M is 

( 3) m-.'K^-D)^ 

where D := kik 2 is the product of the principal curvatures and as before H and dT, are respectively 
the mean curvature and the area form of (M,g). In the aforementioned papers it is proved that I is 
conformally invariant (i.e. given ^ : (M,g) — > (M,g) a conformal transformation, J(\I/(M)) = I(M)) so 
in this sense it is the "correct" generalization of the standard Willmore functional which, as pointed out, 
is conformally invariant in R 3 . We say that I generalizes W because if R 3 is taken as ambient manifold, 
the quantity D = k\k 2 is nothing but the Gaussian curvature which, fixed the topology of the immersed 
surface, gives a constant when integrated (by the Gauss-Bonnet Theorem) hence it does not influence 
the variational properties of the functional. 

A surface which makes the conformal Willmore functional / stationary with respect to normal varia- 
tions is called conformal Willmore surface and it is well known ( the expression of the differential in full 
generality is stated without proof in [PW] and the computations can be found in [HL] , here we deal with 
a particular case which will be computed in the proof of Proposition 3.9 ) that such a surface satisfies 
the following PDE: 

\ A^H + h(^-d\ + (Al ~ A2) [R(N, e u N, ei ) - R(N, e 2 ,N, e 2 )\ + £(V Ci i?)(iV, e h ej, e % ) = 

where is the Laplace Beltrami operator on M, R is the Riemann tensor of the ambient manifold 
(M,g) (for details see "notations and conventions"), N is the inward unit normal vector, Ai and A 2 are 
the principal curvatures and ei, e 2 are the normalized principal directions. 

The goal of this paper is to study the existence of conformal Willmore surfaces. 
The topic has been extensively studied in the last years: in [ZG] the author generalizes the conformal 
Willmore functional to arbitrary dimension and codimension and studies the existence of critical points 
in space forms; in [HL] the authors compute the differential of / in full generality and give examples of 
conformal Willmore surfaces in the sphere and in complex space forms; other existence results in spheres 
or in space forms are studied for instance in [GLW], [LU], [WG] and [MW]. 

The novelty of this paper is that the conformal Willmore functional is analyzed in an ambient manifold 
with non constant sectional curvature: we will give existence (resp. non existence) results for curved 
metrics in R 3 , close and asymptotic to the flat one (resp. in general Riemannian manifolds). More 
precisely, taken hp V e C^°(R 3 ) a smooth bilinear form with compact support (as we will remark later it 
is sufficient that decreases fast at infinity with its derivatives) we take as ambient manifold 

(4) (R 3 ,ff e ) with g e = S + eh 

where 6 is the euclidean scalar product. 

The test surfaces are perturbed standard spheres (resp. perturbed geodesic spheres), let us define 
them. Let be a standard sphere of R 3 parametrized by 



2 



and let w <G C i,a (S 2 ) be a small function, then the perturbed standard sphere Sg(w) is the surface 
parametrized as 

9eS 2 ^p + p(l- w(Q))Q. 
Analogously the perturbed geodesic sphere S PtP (w) is the surface parametrized by 

9eS 2 4 Ex Pp [p(l - w(Q))Q] 

where S 2 is the unit sphere of T p M, Exp p is the exponential map centered at p and, as before, w is a 
small function in C 4 ' a (S 2 ). 

The main results of this paper are Theorem 1.1 and Theorem 1.2 below, which will be proved in 
Subsection 4.3. Before stating them recall that given a three dimensional Riemannian manifold (M,g), 
the traceless Ricci tensor S is defined as 

(5) S pv := R^v — —g^vR 

where R pv is the Ricci tensor and R is the scalar curvature. Its squared norm at a point p is defined as 
II^pII 2 = J2/i v=\ Shv(p) 2 where 5 M „(p) is the matrix of S at p in an orthonormal frame. Expanding in e 
the curvature tensors (see for example [And-Mal] pages 23-24) it is easy to see that the traceless Ricci 
tensor corresponding to (R 3 ,g £ ) (defined in (4) )is 

(6) ||S p || 2 = e 2 s p + o(e 2 ) 

where s p is a nonnegative quadratic function in the second derivatives of which does not depend on 
e. In the following Theorem, it will denote an affine plane in M 3 and H 1 ^) will be the Sobolev space 
of the L 2 functions defined on n whose distributional gradient is a vector valued L? integrable function. 
i? 1 (7r) is equipped with the norm 

H/ll^ W :=ll/llW) + l|V/||i aw V/etfV)- 

Now we can state the Theorems. 

Theorem 1.1. Let h e C^°(M 3 ) be a symmetric bilinear form with compact support and let c be such 
that 

c := sup{||ft Atl/ ||jji( ff ) : n is an affine plane in R 3 , /x, v = 1, 2, 3}. 

Then there exists a constant A c > depending on c with the following property: if there exists a point p 
such that 

Sp > A c 

then, for e small enough, there exists a perturbed standard sphere S^(w e ) which is a critical point of the 
conformal Willmore functional I e converging to a standard sphere as e — > 0. 

It is well-known (see Remark 1.5 point 3) that if a three dimensional Riemannian Manifold has non 
constant sectional curvature then the traceless Ricci tensor S cannot vanish everywhere. Clearly (R 3 , g e ) 
has non constant sectional curvature (the metric is asymptotically flat but not flat) hence it cannot 
happen that \\S\\ 2 = 0; for the following existence result we ask that this non null quantity has non 
degenerate expansion in e: we assume 

(7) M:=maxs„>0. 

peR 3 

Actually it is a maximum and not only a supremum because the metric is asymptotically flat. 

The following is like a mirror Theorem to the previous existence result: in the former we bounded c 
and asked s to be large enough at one point, in the latter we assume that s is non null at one point (at 
least) and we ask c to be small enough. 
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Theorem 1.2. Let h, c be as in Theorem 1.1 and M satisfying (7). There exists 5m > depending on 
M such that if c < 8m then, for e small enough, there exists a perturbed standard sphere S^(w e ) which 
is a critical point of the conformal Willmore functional I e converging to a standard sphere as e — > 0. 

Remark 1.3. 1. As done in [Mon], the assumption h e (^(R 3 ) in Theorem 1.1 and Theorem 1.2 
can be relaxed asking that h decreases fast enough at infinity with its derivatives. 

2. The conditions of Theorem 1.1 

sup{||/i M „||#i(,r) : 7r is an afflne plane in R 3 , fi, v = 1, 2, 3} < c 

and 

sp > A c 

are compatible. In fact the former involves only the first derivatives of h while the latter the second 
derivatives (see for instance [And-Mal] page 24). Of course the same fact is true for the conditions 
Sp > M and c < Sm of Theorem 1.2. 

3. If the perturbation h satisfies some symmetries ( invariance under reflections or rotations with respect 
to planes, lines or points ofM. 3 ), it is possible to prove multiplicity results (see Subsection 5.2 of 
[Mon]). 

4- If h is C°° then a standard regularity argument (see the paper of Leon Simon [SiL] pag. 303 or 
the book by Morrey [MCB]) shows that a C 2 ' a conformal Willmore surface is actually C°°. It 
follows that the conformal Willmore surfaces exhibited in the previous Theorems, which are C 4 ' Q by 
construction, are C°°. 

5. The critical points S^ (w e ) of I e are of (maybe degenerate) saddle type. In fact from (2) the standard 
spheres are strict global minima in the direction of variations in C 4,a (S 2 ) 1 ' = Ker[I^ (Sp 1 )] 1 - n 
C 4 ' a (S 2 ), it is easy to see that for small e the surfaces S£(w e ) are still minima in the C 4 ' a (S' 2 )- L 
direction; but, since they are obtained as maximum points of the reduced functional, in the direction 
of Ker[Io (Sp 1 )] they are (maybe degenerate) maximum points. 

As we said before, the non existence result concerns perturbed geodesic spheres of small radius. Let 
us state it: 

Theorem 1.4. Let (M,g) be a Riemannian manifold. Assume that the traceless Ricci tensor of M at 
the point p is not null: 

II Wo. 

Then there exist po > and r > such that for radius p < po and perturbation w E C A ' a {S 2 ) with 
\\ w\\c4,<*(s 2 ) < r ; th e surfaces Sp^ p (w) are not critical points of the conformal Willmore functional I. 

Remark 1.5. 1. Observe the difference with the flat case: thanks to (2), in M 3 the spheres of any 
radius are critical points of the conformal Willmore functional I (has we noticed, the term D 
does not influence the differential properties of the functional by Gauss-Bonnet Theorem); on the 
contrary, in the case of ambient metric with non null traceless Ricci curvature we have just shown 
that the geodesic spheres of small radius are not critical points. 

2. The condition \\S P \\ ^ is generic. 

3. If (M,g) has not constant sectional curvature then there exists at least one point p such that \\Sp\\ ^ 
0. In fact if \\S\\ = then (M,g) is Einstein, but the Einstein manifolds of dimension three have 
constant sectional curvature (for example see [Pet] pages 38-41). 

The abstract method employed throughout the paper is similar to the one used in the previous article 
[Mon]: the Lyapunov- Schmidt reduction (for more details about the abstract method see Section 2). 
The main difficulty here is that, as we will see, the expansions are degenerate, and require more precision. 
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We discuss next the structure of the article, but first let us explain (informally) the main idea (for 
the details see Subsection 3.3 and Subsection 4.1). 

As we remarked, (2) implies that the Willmore functional in the euclidean space R 3 possesses a critical 
manifold Z made of standard spheres Sg. The tangent space to Z at is composed of constant and 
affine functions on so, with a pull back via the parametrization, on S 2 . The second derivative of I 
at SP is 

W)[w] -iA s2 (A s2 +2) w 

(for explanations and details see Remark 4.1) which is a Fredholm operator of index zero and whose 
Kernel is made of the constant and affine functions; exactly the tangent space to Z. 
So, considered C 4 ' a (S 2 ) as a subspace of L 2 {S 2 ) and called 

C 4 ' a (SV : = C^ a {S 2 ) n Ker[A S 2{A S 2 + 2)]^, 

it follows that Iq lc 4 °(s 2 )- L i s invertible on its image and one can apply the Lyapunov-Schmidt reduction. 
Thanks to this reduction, the critical points of I e in a neighbourhood of Z are exactly the stationary 
points of a function (called reduced functional) $ c : Z — > R of finitely many variables (we remark that in 
a neighbourhood of Z the condition is necessary and sufficient for the existence of critical points of I € ). 

In order to study the function $ e , we will compute explicit formulas and estimates of the conformal 
Willmore functional. More precisely for small radius p we will give an expansion of the functional on 
small perturbed geodesic spheres, for large radius we will estimate the functional on perturbed standard 
spheres and we will link the geodesic and standard spheres in a smooth way using a cut off function (for 
details see Subsection 4.1). 

The paper is organized as follows: in Section 3 we will start in the most general setting, the conformal 
Willmore functional for small perturbed geodesic spheres in ambient manifold (M,g). Even in this case 
the reduction method can be performed, using the small radius p as perturbation parameter (see Lemma 
3.10). 

Employing the geometric expansions of Subsection 3.1 and the expression of the constrained w given 
in Subsection 3.3, in Subsection 3.4 we will compute the expansion of the reduced functional on small 
perturbed geodesic spheres of (M,g). Explicitly, in Proposition 3.11, we will get 

(8) Hp,p) = ^\\S p \\ 2 p 4 + O p (p 5 ) 

where <&(.,.) is the reduced functional and, as before, S p is the traceless Ricci tensor evaluated at p. 
Using this formula we will show that if \\Sp\\ ^ then .) is strictly increasing for small radius. The 
non existence result will follow from the necessary condition. 

Section 4 will be devoted to the conformal Willmore functional in ambient manifold (R 3 ,g e ). In 
Subsection 4.1 we will treat the applicability of the abstract method and in the last Subsection 4.3 we 
will bound the reduced functional $ e for large radius p using the computations of Subsection 4.2. We 
remark that the expansion of $ e is degenerate in e (i.e. the first term in the expansion is null and 
$ e = 0(e 2 )), clearly this feature complicates the problem. Using the estimates on the reduced functional 
$ e for large radius and the expansions for small radius (since for small radius we take geodesic spheres 
it will be enough to specialize (8) in the setting (R 3 ,g e )) we will force $ e to have a global maximum, 
sufficient condition to conclude with the existence results. 

Notations and conventions 

1) R+ denotes the set of strictly positive real numbers. 

2) As mentioned in the Introduction, the perturbed spheres will play a central role throughout this 
paper. 

• First, let us define the perturbed standard sphere S£(w) C R 3 we will use to prove the existence 
results. We denote with S 2 the standard unit sphere in the euclidean 3-dimcnsional space , 9 € S 2 is the 
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radial versor with components M parametrized by the polar coordinates < 9 1 < tt and < 9 2 < 2n 
chosen in order to satisfy 

' 9 1 = smW" cost/" 

e 2 = sin e 1 sin e 2 
e 3 = cose 1 . 



We call <di the coordinate vector fields on S 2 



= ae _oe 
1 ' do 1 ' 2 ' de 2 



and 9i or Oi the corresponding normalized ones 



e i: =* e 2 = e 2 -.= 92 



l©i||' II0 2 || 

The standard sphere in R 3 with center p and radius p > is denoted by Sg; we parametrize it as 
(0 1 , # 2 ) i y p ~\~ p<d(9 1 ,8 2 ) and call 0, the coordinate vector fields 

oe oe 

The perturbed spheres will be normal graphs on standard spheres by a function w which belongs to a 
suitable function space. Let us introduce the function space which has been chosen by technical reasons 
(to apply Schaudcr estimates in Lemma 4.3). 

Denote C 4 ' a (S 2 ) (or simply C 4 ' Q ) the set of the C 4 functions on S 2 whose fourth derivatives, with respect 
to the tangent vector fields, are a- Holder (0 < a < 1). The Laplace-Beltrami operator on S 2 is denoted 
by A52 or, if there is no confusion, as A. The fourth order elliptic operator A(A + 2) induces a splitting 
ofi 2 (S 2 ): 

L 2 (S 2 ) = Ker[A(A + 2)] ® Ker[A(A + 2)] 1 - 

(the splitting makes sense because the kernel is finite dimensional, so it is closed). 
If we consider C 4 ' a (S 2 ) as a subspace of L 2 (S 2 ), we can define 

C^iS 2 ) 1 - := C 4 ' a (S 2 ) n Ker[A(A + 2)} 1 -. 

Of course C 4;Q (S' 2 ) ± is a Banach space with respect to the C 4 ' Q norm; it is the space from which we will 
get the perturbations w. If there is no confusion C 4 '"^ 2 ) 1 - will be called simply C 4 ' a± . 
Now we can define the perturbed spheres we will use to prove existence of critical points: fix p > and 
a small C 4 ' a± function w; the perturbed sphere Sg(w) is the surface parametrized by 

e e s 2 ^ P + p(i-w(e))e. 

■ Now let us define the perturbed geodesic spheres S PtP (w) in the three dimensional Riemannian 
manifold (M,g); we will use them to prove the non-existence result. 

Once a point peMis fixed we can consider the exponential map Exp p with center p. For p > small 
enough, the sphere pS 2 C T p M is contained in the radius of injectivity of the exponential. We call S PtP 
the geodesic sphere of center p and radius p. This hypersurface can be parametrized by 

9 e S 2 C T p M 1 y Exp p [ P e\. 

Analogously to the previous case, fix p £ M, p > and a small C 4 ' a (S 2 ) function w; the perturbed 
geodesic sphere S PtP (w) is the surface parametrized by 

ees 2 ^ Exp p [p(i - w(e))e\. 

The tangent vector fields on S PyP (w) induced by the canonical polar coordinates on S 2 are denoted by 
Zi. 
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3) Let (M, g) be a 3-dimensional Riemannian manifold. 

• First we make the following convention: the Greek index letters, such as /x, v, t, . . . , range from 1 to 
3 while the Latin index letters, such as i,j, k, . . . , will run from 1 to 2. 

• About the Ricmann curvature tensor we adopt the convention of [Will]: denoting X(M) the set of 
the vector fields on M, VX, Y, Z e X(M) 

R(X, Y)Z := \7 X \7 Y Z - \7 Y \7 X Z - \7 [X ^ Y] Z 

R(X,Y,Z,W) ~g(R(Z, W)Y,X); 
chosen in p an orthonormal frame E^, the Ricci curvature tensor is 

3 3 

Ricp(vi,v 2 ) ■= y^R{E fl ,v 1 ,E tt ,v 2 ) = y^g(R p (E l _ l ,v 2 )v 1 ,E IJ ,) 
n=i 1 

3 

(9) = -J29(Rp(v2,E^v u E^ Vui , v 2 e T P M. 

• In order to keep formulas not too long, we introduce the following notation: 



R(0i0j) 
V R(0i0j) 
V 00 R(0i0j) 
R(0i0n) 



= g (R p (e,e t )e,e,) 

= 5 (v e i? P (e,e J )e,e J ) 

= .g(VeV e i? P (e,e J )e,e J ) 

= 5 (i? p (e,e,)e,^). 



In the following ambiguous cases we will mean: 

i?(0101) 
i?(0202) 
J?(0102) 



^(0,01)0,01) 
5(i? P (0,0 2 )0,0 2 ) 
0(^(0,01)0,02). 



•Recall the definitions of the Hessian and the Laplacc-Bcltrami operator on a function w. 

Hess{w) l _ lv := V^V^w 
A := g^V^VvW. 

4) Let (M, g) (M, g) be an isometrically immersed surface. Recall the notion of second fundamental 
form h: fix a point p and an orthonormal base Zi,Z 2 of T P M; the (inward) normal unit vector is denoted 
as N. By the Wcingarten equation hij = —g(VziN, Zj). 

Call k\ and k 2 the principal curvatures (the eigenvalues of the second fundamental form with respect to 
the first fundamental form of M, i.e. the roots of det (hi j — kgij) — 0). We adopt the convention that the 
mean curvature is defined as H := k\ + k 2 . 

The product of the principal curvatures will be denoted with D: 

5) • Following the notation of [PX], given a <G N, any expression of the form L p a \w) denotes a linear 
combination of the function w together with its derivatives with respect to the tangent vector fields &i 
up to order a. The coefficients of L p a ^ might depend on p and p but, for all k G N, there exists a constant 
C > independent on p e (0,1) and p € M such that 

ll4 a) Hllc fc .°(s2) < C\\w\\ck +a , a{S 2). 
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• Similarly, given b G N, any expression of the form Q p (w) denotes a nonlinear operator in the 
function w together with its derivatives with respect to the tangent vector fields 9j up to order a such 
that, for all p G M, Q p b ^ a \o) = 0. The coefficients of the Taylor expansion of Q p b ^ a \w) in powers of 
w and its partial derivatives might depend on p and p but, for all k G N, there exists a constant C > 
independent on p G (0, 1) and p G M such that 

(11) \\Q¥ ){a H W 2)-Q¥ ){a) (wi)\\c^( S i) <c(|| W2 || cfc+ ., Q(s2) + ||«; 1 || c , + «, Q(s2) )^ 1 x|| U ; 2 - U ; 1 || cfc+£l , Q(S2) , 

provided Hi^Hc^s 2 ) ^ 1; ' = 1, 2. If the numbers a or b are not specified, we intend that their value is 2. 

• We also agree that any term denoted by O p (p d ) is a smooth function on S 2 that might depend on 
p but which is bounded by a constant (independent on p) times p d in C k topology, for all k G N. 

6) Large positive constants are always denoted by C, and the value of C is allowed to vary from formula 
to formula and also within the same line. When we want to stress the dependence of the constants on 
some parameter (or parameters), we add subscripts to C, as Cj, etc.. Also constants with subscripts are 
allowed to vary. 
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2 A Preliminary result: the Lyapunov-Schmidt reduction 

The technique used throughout this paper relies on an abstract perturbation method which first appeared 
in [AB1], [AB2] and is extensively treated with proofs and examples in [AM]. Let us briefly summarize 
it. Actually we present the abstract method in a form which permits to deal with degenerate expansions 
(as the ones we will have to handle). 

Given an Hilbert space H, let I e : H — > M be a C 2 functional of the form 

h{u) = J («) + eGi(u) + e 2 G 2 (u) + o(e 2 ), 

where I e C 2 (H,R) plays the role of the unperturbed functional and Gi,(j?2 € C 2 (H 7 R) are the 
perturbations. 

We first assume that there exists a finite dimensional smooth manifold Z made of critical points of 
Io- I[){z) = for all z e Z. The set Z will be called critical manifold (of Iq)- The critical manifold is 
supposed to satisfy the following non degeneracy conditions: 

(ND) for all z e Z, T Z Z = Ker[I^(z)], 

(Fr) for all zeZ, Iq{z) is a Fredholm operator of index zero. 
Under these assumptions it is known that near Z there exists a perturbed manifold Z c such that the 
critical points of J e constrained on Z e give rise to stationary points of I € . 
More precisely, the key result is the following Theorem. 

Theorem 2.1. Suppose I possesses a non degenerate (satisfying (ND) and (Fr)) critical manifold Z of 
dimension d. 

Given a compact subset Z c of Z , there exists e$ > such that for all |e| < eo there is a smooth function 

w e (z) : Z c ^> H 

such that 

(i) for e = it results w e (z) = 0, Vz G Z c ; 

(ii) w e (z) is orthogonal to T Z Z, Vz G Z c ; 
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(Hi) the manifold 

Z e = {z + w t {z) :zeZ c } 
is a natural constraint for I' f . Namely, denoting 

<f> e (z) =I € (z + w e (z)) : Z c -> R 

the constriction of I e to Z e , if z £ is a critical point o/$ e then u e = z € + w € (z e ) is a critical point of I t . 

Thanks to this fundamental tool, in order to find critical points of I e , we can reduce ourselves to study 
<I> e which is a function of finitely many variables. 

If we are slightly more accurate, it can be shown that the function w e (z) is of order 0(e) as e — > 
uniformly in z varying in the compact Z c . In our application, the expansion is degenerate in the sense 
that 

Gi(z) = VzeZ. 

Using the previous facts, by a Taylor expansion it is easy to see that (we will prove it in full detail in 
Lemma 4.7) 

3> e (z) = e 2 [g 2 (z) - ^G'MK^T'G'M)] + o(e 2 ). 

In Section 4 we will give sense to this formula, which will be crucial for the estimates involved in the 
existence result. 



3 The conformal Willmore functional on perturbed geodesic 
spheres S PiP (w) of a general Riemannian Manifold (M, g) 

3.1 Geometric expansions 

In this subsection we give accurate expansions of the geometric quantities appearing in the conformal 
Willmore functional. First we recall and refine the well-known expansions of the first and second fun- 
damental form and the mean curvature for the geodesic perturbed spheres S PtP (w) introduced in the 
previous "notations and conventions" . Recall that 0, are the coordinate vector fields on S 2 (induced by 
polar coordinates) and Zi are the corresponding coordinate vector fields on S PtP (w). The derivatives of 
w with respect to 0j are denoted by Wi. 

Let g denote the first fundamental form on Sp^^w) induced by the immersion in g). The next 
Lemma, whose proof can be found in [PX] (Lemma 2.1), gives an expansion of the components := 
gpiZ^Zj): 

Lemma 3.1. The first fundamental form on S p . p (w) has the following expansion: 

(1 - w)- 2 p- 2 gij = g(Gi, Qj) + (1 - w)- 2 w iWj + ii?(0z0j> 2 (l - w) 2 + ^V R(0i0j)p 3 (l - w) 3 

-Lvoo#(0i0j) + ^R(0i0v)R(0j0p)]p 4 (l - wf + O p (p 5 ) + p 5 L p (w) + p 5 Q p 2 \w) 

where all curvature terms and scalar products are evaluated at p (since we are in normal coordinates, at 
p the metric is euclidean). 

Let h denote the second fundamental form on S PtP (w) induced by the immersion in (M, g) and N the 
inward normal unit vector to S PtP {w); by the Weingarten equation hij = —g(VziN, Zj). 

Lemma 3.2. The second fundamental form on S PvP (w) has the following expansion: 

hij = P (l - w)g(Qi, Qj) + p(Hess S 2w) ij + ^R(0i0j)p 3 (l - wf + A Vo i?(0 i 0. 7 > 4 (l - w) 4 



+ 



^V O oi? P (0i0j) + ^R(0t0p)R(0j0p)Y(l - w) 5 - P B%w k + O p (p 6 ) + p 5 L p (w) + p 2 Q {2) {w) 
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where are functions on S 2 of the form = 0(p 2 ) + L p (w) + Q p 2 \w) and, as usual, all curvature 
terms and scalar products are evaluated at p. 

Proof. In [PX] the authors consider TV such that the normal unit vector TV has the form N = N(l — 
p 2 g i iw l w : j)~ 1 / 2 . They set 

kj = -g(V Zt N,Z,) 

and they derive the following formula 

ha = —7- rd a q pdw ® dw + pHess^w. 

3 2(1 -w) 9 1-w 9 

Using Lemma 3.1 the first summand is: 
2{1 \ w) d p9 = 9(®i, &jW -w) + Y^mwj + ^R(0i0j)p s (l - wf + Av o i?(020. 7 > 4 (l - wf 



3 

+ 20 



2 



V oo R(0i0j) + —R(0i0p)R(0j0p) P 5 (l - w) 5 + O p (p 6 ) + P 6 L p {w) + P 6 Q {2) (w) 



15 

The third summand is: 

p(Hess s w) i:j = p(wij - fijWk). 
With a direct computation it is easy to check that 



(12) f*=r*+s* 



where are the Christoffel symbols of S 2 in polar coordinates and B^ are functions on S 2 of the 
form 

B^O(p 2 ) + L p (w)+Q( p 2 \w). 

Hence 

p(HesSjw)ij = p(Hess S 2w)ij - pB^w k . 
Observing that the second summand simplifies with an adding of the first summand and that 

hij = -giVz.N^j) = -g(V Zi N(l - p 2 ^^^)" 1 ^, Zj ) = % + P 2 Q p 2 \w) 
we get the desired formula. □ 

Recall that the mean curvature H is the trace of h with respect to the metric g: H = hijg 11 . Collecting 
the two previous Lemmas we obtain the following 

Lemma 3.3. The mean curvature of the hypersurface S p ^ p (w) can be expanded as 

2 1 1 1 

H = - + -(2 + A S 2)w + - \2w(w + A S 2w) - g^WiwA - -g l LB%w k 
p p p p J 

-^[gs2R(0l0k)g k ^(Hess S 2 W ) lJ + Ric p {<d, 6)(1 -w)]p+ j 9 %\7 o R(0i0j)p 2 (l - w) 2 



+ 



^g%VooR(OiOj) + ^g%R(0i0p)R(Qj0p) - ±g% 3 R(0l0k)g%£R(0nOij\ p 3 (l - w) 3 



+O p (p 4 )+p 2 L p (w)+Q p 2 \w) + -L p {w)Q p 2 \w) 



P 

where Ric p is the Ricci tensor computed at p. 
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Proof. First let us find an expansion of g lJ . Given an invertible matrix A, 

(A + Bp 2 + C P 3 + Dp i )- 1 = A- 1 -A- 1 BA- 1 p 2 -A- 1 CA- 1 P 3 -A- 1 DA- 1 p i + A- 1 BA- 1 BA- 1 p i + 0(p ;: ') 
so we get 

9 13 = p2{1 l _ w)2 {d% ~ - w)- 2 w lWk g% ~ \g%R(mk)g%p 2 {l wf lg% V R(0l0k)g k J 2 p 3 (l w) 

-9% [^Vooi?(0?0fc) + ^R(0l0p)R(0k0p)]g%p 4 (l - w) 4 + ^ 2 R(0l0k)g^R(0n0q)gf 2 p 4 (l - w) 4 } 
+O p (p 3 ) + p 3 L p (w) + p 2 Q p 2) (w) + ^(Dw) 4 . 
(13) 

Where (Dw) 4 is an homogeneous polynomial in the first derivatives Wi of order four. Putting together 
(f 3) and Lemma 3.2 it is easy to evaluate H = hijg 13 just using the following observations: 

•pg l3 (Hess S 2w) l0 = (-(1 + 2w)g% - £<&fl(0i0%$ + -Q(w) + 0(p 2 ) + pL(w))(Hess S 2 W ) lj 

p 6 p 

= -(1 + 2w)A S 2w - ^g%R{mk)g%{Hes8!pw)ij + p 2 L(w) + pQ{w) + -L(w)Q(w) 
p 3 p 

• with a Taylor expansion 

2 2(l + w + w 2 ) 1 

— r = + ~wQ(w), 

p(l-w) p p 

— —g%w t Wj = -g l LwiWj + -wQ(w) 

p(i — u>y ° p ° p 

• finally, recalling our notations, (9) and that {9, jj^p pffjl f OTm an orthonormal base of T p M 
(14) 5 (9,, Qj)g%R(0l0k)g k J, = S l j9 (R p (Q, 6/)9, @ k )g% = g{R P {Q, 9,)9, & 3 )g% = -Ric p (Q, 9). 

□ 

Now we compute H 2 : 
Lemma 3.4. The square of the mean curvature H 2 on S PiP (w) can be expanded as 

H 2 = 4 + 4( 2 + A s0™ + 4(12^ 2 + 12m A S 2 w + {A S 2 W ) 2 - Ag% 2Wl w ) - ^-g%B%w k 

pZ pZ pi O J pA O J 



--g%R{mk)g%{Hess S 2 W ) i j - -Ric p (Q,Q)(2 + A S 2w) + [g%V R{0i0j)]p 



+ 



^g%V 0O R{0i0j) + ^g%R(0i0p)R(0j0p) - ^g% 2 R(0l0k)g k s ?R(0n0i) + ^Ric p (e, 9)ffic p (9, 9) 



P 2 



+O p (p 3 ) + P L p (w) + -Q p 2 \w) + ^L p (w)Q p 2 \w). 

Proof. Just compute the square of H expressed as in Lemma 3.3. □ 
Lemma 3.5. The determinant of the first fundamental form of S PtP (w) can be expanded as 

det[g] = ||9 2 ||y {(1 - w) 4 + (g%w iWj ) - iffic p (9, 9)p 2 (l - wf + ±g%V Q R(0i0j)p 3 (l - w) 7 

+ [^9%VooR(OiOj) + ^g%R(0i0p)R(0j0p) + ii?(0101)i?(0202) - i?(0102) 2 ] p 4 (l - w) 8 } 

+O p (p») + p 9 L p (w) + p 6 Q p 2 \w) + P 4 L p {w)Q p 2 \w) 

where_ recall that i?(0101) =_ 5 (i? p (9, 9i)9, 9i), i?(0202) = g(R p (Q, 9 2 )9, 9 2 ) 7 #(0102) = -g(R p (G, 9i)9, 9 2 ) 
and 9 2 is 9 2 normalized: 9 2 := t^t. 
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Proof. Just compute cfei[g] using Lemma 3.1, formula (14) and observing that g l g 2 — diag(l, 1 / 1 1 2 1 1 2 ) □ 
Lemma 3.6. The determinant of the second fundamental form of S PjP (w) has the following expansion: 
det[h] = p 2 (l - w) 2 ||e 2 || 2 + / 9 2 ||e 2 || 2 A S 2 U ;(l - w) + p 2 [(Hess S 2w) 11 (Hess S 2w)22 - (Hess S 2wf 12 \ 

+ r P A [R{QlQl){Hess S 2w) 2 2 + R(0202)(Hess S 2 W ) 11 - 2R(0102)(Hess S 2 W ) 12 - Ric p (0, 6)(1 - w) 4 ||e 2 ! 



+ ll© 2 || 2 



^4v o i?(0z0j> 5 (l - wf + ^g%V 00 R(0i0j)p 6 (l - wf + ^g%R(0z0p)R(0j0p)p e (l - wf 



+ -p 6 (l - wf\\e 2 \\ 2 [fl(0101)fl(0202) - i?(0102) 2 ] - \\e 2 \\ 2 p 2 g%B*w k + O p (p 7 ) + p 5 L p (w) + p 3 Q p 2) (w). 

Proof. Just compute the determinant of hij expressed as in Lemma 3.2 using the same tricks of the 
previous Lemmas. □ 

Lemma 3.7. The product of the principal curvatures of S PtP (w) 

det{h) 



D = kik 2 



det(g) 



has the following expansion: 



D = (1 + 2w + A S 2W + 3wA S 2w + 3w 2 ) \g%WiWj + \ [(Hess S 2w) 11 (Hess S 2w) 22 - (Hess S 2w) 

P P l|fc ) 2|| p 



+ - 



R(0l0l)(Hess S 2 W ) 22 + R(0202)(Hess S 2w) n - 2R(0102){Hess S 2w) 12 



+ iffic p (9, e)(A S 2W - 1) + -^g%V R(M)])p(l - w) - ^g%B%w k 



+ 



^9%VooR(OiOj) + ^g%R(0i0p)R(0]0p) + ^(0101)^(0202) - i?(0102) 2 ] - ^Ric p (Q, 9) 2 ]p 2 (l - w) 2 



+O p (p 3 ) + P L p (w) + -Q p 2 \w) + ±L p (w)Q p 2 \w). 
Proof. Recalling the expansion — = 1 — x + x 2 + 0(x 3 ) and Lemma 3.5 we get 
— — " \\e 2 \\ 2 (l-w)^ {1 ~ + ^icp(e, ©)P 2 (1 - wf - \g%V Q R{mj)p\l - w)3 

^g%VooR(0i0j) + ^g%R(0i0p)R(0.]0p) + ^(0101)^(0202) - i?(0102) 2 ] p\l - wf 
+ iffi Cp (9, 6)V (1 - wf + O p (p 5 ) + p 5 L p (w) + p 2 Q p 2 \w) + L p (w)Q p 2 \w)}. 



det[g] 



Gathering together this formula and the expansion of det(h) of Lemma 3.6 we can conclude. 



□ 



tt2 

The quantity we have to integrate is — D; collecting the previous Lemmas we finally get the 

following 

Proposition 3.8. The integrand of the conformal Willmore functional has the following expansion: 



H 2 



D 



^(A S 2wf - j— (Hess S 2 W ) 11 (Hess S 2w) 22 



1 



ie 2 ii 2 



(Hess S 2w)\ 2 



+- 



1 



—P 



2R(0102)(Hess S 2w) 12 - R(0Wl)(Hess S 2w) 22 - R(0202)(Hess S 2 W ) 11 

-RicJQ, O f - i?(0101)i?(0202) + i?(0102) 2 l - -RicJQ, 9) A S 2 w 
4 J 6 



+O p (p 3 ) + P L p (w) + -Qf\w) + ±L p (w)Q p 2 Hw) 
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Proof. Putting together the formulas of Lemma 3.4 and Lemma 3.7, we get 
H 2 1 1 

— - D = —(A S 2 W ) 2 + jjeJpp [( H ess S 2 W ) 2 12 - (Hess S 2w) 11 (Hess S 2w) 22 \ 

-lg%R(pi0k)g%L(He88s>w)ij - \ric p {&, 9) A S 2 w 
2 

+ [2R(0102)(Hess S 2w) 12 - R(0l01)(Hess S 2 W ) 22 - R(0202)(Hess S 2w)n] 

o||t/2|| 

-\p 2 [g%g%R{0m)R{0jQk)} - \p 2 [i?(0101)i?(0202) - i?(0102) 2 ] 
9 3 

+JL ffiCp (e,e)y + o p (p 3 ) + p l p (w) + -q$\w) + \l p (w)q {2 \ w ) 

oO p p 

Let us simplify the second and the third lines; they can be rewritten as 

-^R(0Wl)(Hesss2 W )n - ^R(0202)j^(Hess S 2w) 22 + -JL_R(0l02)(He S s S 2w) 12 



~R(0101)-L-(Hess S 2w) 22 - ^R(0202)(Hess S 2 W ) n - ^ 



2 1 

;R(0102)(Hess S 2 W )i 2 + -Ric p (&, 6) A52 w 



3 ||e 2 ||2 -v" jk — 3 
-lR(0101)—^{Hess S 2w) 22 - I R(0202) (Hess 32 w) n - iffic p (e,e) A S 2 w 

3 ll"2|| 3 Z 

= --Ric p (e, 9) A S 2 w + — — [2R(0W2)(Hess s 2iv)i 2 — R(0101)(Hesss2Uu) 22 — R(0202)(Hesss2w)i 

3||fc)2| 

Finally we have to simplify the forth and the fifth lines; they can be rewritten as 



I _ ii?(0101) 2 - ii?(0202) 2 - ^i?(0102) 2 + ^-Ricp(@,ef - ii?(0101)i?(0202) + ii?(0102) 2 }p 2 
v y y y oo o o j 

{ - i[i?(0101) + i?(0202)] 2 - -^(0101)^(0202) + ii?(0102) 2 + -^-Ric p (Q, 6) 2 }p 2 
^ 9 9 9 36 J 

{^ffi Cp (e, e) 2 - ii?(oioi)i?(0202) + ii?(oio2) 2 } P 2 



where, in the last equality, we used the usual identity i?(0101) + i?(0202) = — Ric p (Q, O). 

Collecting the formulas we get the desired expansion. □ 

3.2 The differential of the conformal Willmore functional on perturbed geodesic 
spheres S PjP (w) 

Proposition 3.9. On the perturbed geodesic sphere S PtP (w) the differential of the conformal Willmore 
functional has the following form: 

I'(S PiP (w)) = 7 ^A S 2(A S 2 +2)w - ±A S 2R lCp (e,0) + O p ( P °) + \l^(w) + \q ( p 2){a \w) 
zp op p p 

Proof. Let us recall the general expression of the differential of the conformal Willmore functional com- 
puted in [HL] (Theorem 3.1 plus an easy computation using Codazzi equation). 

Given a compact Riemannian surface (M,g) isometrically immersed in the three dimensional Rie- 
mannian manifold (M, g) and called N the inward normal unit vector, the differential of the conformal 
Willmore functional 
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I'{M) = \a^H+H +]T R (N, e t ,N, ej )/^-^ HR(N , e u N, e 4 )+^(V e ,i?)(7V, e„ e,, e,) 

ij i ij 

where e\, e 2 is a local orthonormal frame of T p M which diagonalizes the second fundamental form hij. 
Since ei, e 2 are principal directions we get 

53 J2(JV, ei, N , e,)/^ - 1 ^ ffi?(JV, e,, TV, e 4 ) - (Al ~ A2) [fl(JV, e t ,N, ei ) - i?(7V, e 2 , TV, e 2 )] 

ij i 

where Ai, A 2 are the principal curvatures. So in this frame the differential is 
(15) 

I'(M) = ^A^H + H^-D) + {Xl 2 X2) [R(N, e u N, e 1 )-R(N, e 2 ,N, e 2 )] + £(V ei ii)(iV, e„ e„ e t ). 

ij 

Now we want to compute the differential on the perturbed geodesic sphere S p . p (w). 
Recall that 

A § u = g ij ( Uij -tijUk) 

= ^9% {utj - V k ijUk ) + O(p )L(u) + ±L p (w)L(u) + ^Qf\w)L{u) 

= A S 2 u + 0(p°)L(u) + ^L p (w)L(u) + {w)L(u) 

where L(u) is a linear function depending on u and on its derivatives up to order two. From the above 
computation of H we have 

H = - + -(2 + A S 2)w - \Ric p {®, Q)p + 0(p 2 ) + P L p (w) + -Qf\w), 
p p 6 p 

hence 

AgH = ^A s2 (A S 2+2)w-^A s2 Ric p (e,G) + O p (p a ) + \L p i \w) + ±Q p 2 ^(w). 
pop p p 

Now let us show that the other summands are negligible. 
First we find an expansion for the principal directions Ai and A 2 . From the definitions, they are the roots 
of the polynomial equation 

x 2 - Hx + D = 

so 



Au = § ± ^1_^R = I + o(p) + h p{w) + - p Q ( p \w) 
and the third summand is negligible: 

(Ai - X 2 )[R(N, e u N, ei ) - R(N, e 2 , N, e 2 )] - O(p) + h p (w) + -Q p 2 \w). 

From the above computation of ^ D, we have 

^-D = O p (p 2 ) + L p (w) + ±Q p 2 H W ) 

hence we get 

h(j?--D) =O p (p) + h p (w) + ±QW(w). 

Therefore also this term is negligible and we can conclude observing that (V ei R)(N, ej,ej,ei) = 0(p°). 

□ 
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3.3 The finite dimensional reduction 

NOTATION. In this subsection, the functional space will be C 4 ' a (S 2 ) 1 - : the perturbation w will be an 
element of C 4 '"^ 2 ) 1 - and 5(0, r) will denote the ball of center and radius r in (^"(S* 2 ) 4 -. 

Lemma 3.10. Fixed a compact subset Z c C M, there exist p > 0, r > and a map : Z c x [0, po] — > 

C 4 ' Q (S ,2 ) ± 7 (p, p) i-> Wp^p smc/i f/ia£ if S PvP (w) is a critical point of the conformal Willmore functional I 
with (p,p,w) G Z c x [0,/?o] x 5(0, r) f/ien w = w p ^ p . 
Moreover the map tor.) satisfies the following properties: 

(i) the map (p, p) n- w PtP is C 1 , 

(ii) \\wp.p\\c4., 0(52-) = 0(p 2 ) as p — > uniformly for p G Z c , 
(in) ||^w P;P || L 2( 5 2) = O(p) as p ->• uniformly for p E Z c . 
(iv) we have the following explicit expansion of w p . p : 

(16) w p , p = -lp 2 ffic p (9, 9) + ^P 2 R(P) + 0( P 3 ) 

where the remainder 0(p 3 ) has to be intended in C 4 ' a (S 2 ) norm. 

Proof. For the proof of (i), (ii) and (Hi) we refer to Lemma 4.4 of [Mon], here we only give a sketch of 
the idea. Fixed a compact subset Z c C M and p € Z c , if 

7'(S p , p (w)) = (equality in L 2 (S 2 )), 

then, setting P : L 2 (S 2 ) ~ > Ker[A S 2(A S 2 + 2)] 1 - the orthogonal projection, a fortiori we have 

PI'(S p Jw)) = 0; 

that is, using the expansion of Proposition 3.9, 



(17) WA S 2(A S 2 + 2)w + O p (p 2 ) + P L p A \w) + Q p 2 ^\w) 



= 0. 



Since A S 2(A S 2 +2) is invertible on the space orthogonal to the Kernel and ui e C 4 '"^ 2 ) 1 - := Ker[A S 2(A S 2 + 
2)]- L nC 4 > a (S 2 ), setting 

K := [A S2 (A S 2 + 2)]- 1 : ^er[A S 2(A S 2 + 2)} 1 - C L 2 (5 2 ) -> ifer[A S 2(A S 2 + 2)]\ 

the equation (17) is equivalent to the fixed point problem 

(18) w = K[O p (p 2 ) + P L p i \w) + Q p 2 ^(w)} - F PtP {w). 

The projection in the right hand side is intended. In the aforementioned paper (using Schauder estimates) 
it is proved that once the compact Z c C M is fixed, there exist po > and r > such that for all p e Z c 
and p < po the map 

F p , p : 5(0, r) C C 4 ' a (SY -> C 4 ^(5 2 ) J - 
is a contraction. In the same paper the regularity and the decay properties are shown. 

Now let us prove the expansion (iv). 
Using the formula of Proposition 3.9, the unique solution w <G 5(0, r) to the fixed point problem will 
have to satisfy the following fourth order elliptic PDE: 

A S2 (A S 2 + 2)w = ip 2 A S 2ffi C p(9, 9) + O p ( P 3 ) + pL<f\w) + Q p 2 ^(w). 

Clearly the unique solution w has the form w = p 2 w + 0(p 3 ) where the remainder has to be intended in 
C 4 ' a (S 2 ) norm and w <G C 4 ' a (S 2 ) is independent on p. Now we want to find an explicit formula for w. 
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Writing the radial unit vector in normal coordinates on T p M, we have 9 = x l -J~ and the Ricci tensor 
can be written as 

Ric p {0, 9) = E R ij x i x j + Rui^) 2 . 

Recall that the eigenfunctions of A52 relative to the second eigenvalue A2 = —6 are x l x J ,i 7^ j and 
(i') 2 -(i 3 ) 2 ,i^ j and notice that 

2{x 1 ) 2 - 1 = (x 1 ) 2 - (x 2 ) 2 + {x 1 ) 2 - (x 3 ) 2 - (x 1 ) 2 

so 

I = ||[ (a; l)» -(»»)»] + [(»!)» _(»3 )a] J 

is an element of the eigenspace relative to A2 = — 6 (analogously for the others (x 1 ) 2 ). So 

ric p {®, ©) = E ":^> ■■>■'■'■■' + E R M( xi ) 2 - \] + 1 E R ^ 

ijtj i i 

= E RiMM + E -\] + \r{p) 

i=jLj i 

and Ric p {e,e) - \R{p) is an element of the second eigenspace of A 52 . 

Recalling that w = p 2 w + 0(p 3 ), then w has to solve the following linear elliptic PDE 



1 



A s2 (A s2 + 2)w = - A S 2 Ric p (e, 9) - -R(p) 



1 



3 



Since the right hand side is an eigenfunction of A52 with eigenvalue —6 the equation is easily solved as 



□ 



3.4 The expansion of the reduced functional I(S P , p {w P:P )) 

In this subsection we want to evaluate the reduced functional I(Sp.p(w PtP )), that is the conformal Willmore 
functional on perturbed geodesic spheres with perturbation w in the constraint given by Proposition 3.10. 

Proposition 3.11. The conformal Willmore functional on perturbed geodesic spheres S Pt p(w PtP ) with 
perturbation w PtP lying in the constraint given by Proposition 3.10 can be expanded in p as follows 

I(Sp, p (w P , P )) = ?r\\S p \\ 2 p 4 + Op(p 5 ), 

where S p is the Traceless Ricci tensor defined in (5). 

Proof. In the sequel we fix a point p e M and we want to evaluate I{S p ^p(w PtP )) for small p. For simplicity 
of notation, let us denote w — w PyP ; from Proposition 3.10 we know that w — p 2 w + 0(p 3 ). Notice that 
the leading part of i? 2 /4 — D is homogeneous of degree two in p, so in order to evaluate I(S PvP (w PiP )) it 
is sufficient to multiply _ff 2 /4 — D by the first term of y/det[g] (that is yo 2 1 1 ©2 II)- Using the expansion of 
Proposition 3.8 we get 

I(S p .p(w)) = p A I i(A S 2w) 2 - 1 (Hesss2w) 1 i(Hess S 2w)22 + ur } ,, 2 {Hess s ^w) 2 12 - ^Ric p (<d, 9) A52 w 

JS 2 L 4 1 1 1=>2 1 1 1 1 fc*2 1 1 



+ ^TT2 R (° l02 )( Hess s^)i2 - —^R(0l0l)(He S s S 2w) 22 - \R(0202)(Hess S 2w)u 
3||9 2 || 2 3||9 2 || 2 3 

1/1 



(19) +-(-RiCp(e, 9) 2 - i?(0101)i?(0202) + i?(0102) 2 ) 



d£ + O p (/£»"). 



1G 



From (iv) of Proposition 3.10 it follows that 

A S 2w = -6w = iffic p (e,9) - ^R(p) 

so, after some easy computation, one can write 
(20) 

^(A s iw) 2 - ^Ric p (G, 6) A S 2 w + ^Ric p (Q, 9) 2 = ^Ric P (&, 9) 2 - ^Ric p (Q, Q)R(p) + -^R(pf- 

In order to simplify the other integrands of (19) we compute {Hesss^w)ij- The nonvanishing Christoffel 
symbols of S 2 in polar coordinates 9 1 ,6> 2 are 

r i2 = r 2i = cotand 1 
T\ 2 = -sin^cosfl 1 . 

Hence, recalling that (Hessw)ij — Wij — T^Wk and the expression of w given in (iv), we get 
(Hess S 2iB) 11 = w n = -i<9 e i (i?ic p (6, 8i)) 

= -ImcpiQ^Qj-lmcp&Qu) bute n = -e 
= -ii? JCp (e 1 ,e 1 ) + ii? lCp (e,e) 

{Hess S 2w) 12 = wu - r 2 2 w 2 = - Qd e i (Ric p (Q, 6 2 )) + -T 2 12 Ric p (Q, 6 2 ) 

= -ii?ic p (9i, 9 2 ) - ^Ric p (Q, G 12 ) + ^T 2 12 Ric p (e, e 2 ) but e 12 = cotan6 1 <d 2 
= -^Ric p (Q 1 ,e 2 ) 



(Hess S 2w) 22 = W22 - r 22 wi 



= -iffic p (e 2 ,e 2 ) - iffic p (e,e 22 ) + ^r^c^ei) but e 22 = - sine 1 cos ^ei -sm^e 

1, 



-Ric p (e 2 , e 2 ) + |||e 2 || 2 i? iCp (e, e). 

Therefore the other part of the integrand can be written as 

1 12 

T (Hess S 2w) 11 (Hess S 2w)22 + n {Hess S 2w)\ 2 + R(0l02)(Hess S 2w)i2 



2 



-Ifl(OlOl) — l —{Hess S 2w) 22 - ^(0202)(ffess S 2U))ii - ^(0101)^(0202) + i/2(0102) 
6 II^H y y 

~Ric(e, e) 2 + |;iBc(e, e)[ffi c (e 2 , e 2 ) + ffic(e 1; e^] - -^c(e 2 , e 2 )^ c (6i, eo 
+4^c(9i, e 2 ) 2 - ii?(oio2)i?ic(9i, e 2 ) + ^-R{owi){Ric(e 2 , e 2 ) - i?* c (e, e)) 

36 9 18 

(21) +^i?(0202)(i?ic(6i, 6i) - Ric(G, 6)) - ii?(0101)i?(0202) + ii?(0102) 2 . 

18 9 9 

Using the following three identities (which follow from the orthogonality of {8, Oi, 2 }, from the defini- 
tions and the symmetries of the curvature tensors) 

-^(i?(oioi) + i?(0202)W Cp (e,e) = -!-ffic p (e,e) 2 

18 V / 18 

(22) Ric p {Q 1 ,e 1 ) + Ric p {Q 2 ,Q 2 ) = R( P ) - Ric p {0,e) 

#(0102) = -Ri Cp (e u e 2 ), 
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after some easy computations we can say that (21) equals 

= 3^c(6, Q)R( P ) - ^Ric(&2, &2)Ric(O u ©0 + ^Ric(Q u 2 ) 2 

(23) + -J-#(OlOl)#zc(0 2 , © 2 ) + -?-#(O2O2)#ic(0i,0i) - ^#(0101)#(0202). 

18 18 9 

Let us try to simplify the last line using that #(0101) + #(2121) = -Ric{Q ll 0i) and identity (22): 

-?-#(OlOl)#ic(0 2 , G» 2 ) + -?-#(O2O2)#ic(0i,0i) - i#(0101)#(0202) 
18 18 9 

: -i [Ric P (Qi, ©i) + #(1212)1 Ric p (e 2 , © 2 ) - 4 [^c(6 2 , 2 ) + #(1212)] #ic p (©i, ©i) 

lo lo 

[i?icp(6i, ©i) + #(1212)] [# JC (0 2 , 9 2 ) + #(1212)] 

(24) = -^#ic p (6i, ©i)# JCp (0 2 , 2 ) + i#(1212)#ic p (e, 6) - i#(1212)#(p) - i#(1212) 2 . 

9 D 9 

Since {©, 6i, 2 } is an orthonormal base of T p M we have the following useful identity 

#(1212) = #(1212)-#ic p (e,e) + #iCp(e,e) 

= [#(1212) + #(0202) + #(0101)] + Ric p (Q, 6) 

= ~ [#ic p (6i, 9i) + Ric p (e 2 , e 2 ) + #ic p (e, e)] + Ric p (e, ©) 



(25) = --R{p) + Ric p (e,e). 



Plugging the last identity (25) into formula (24), we get that (24) equals 

(26) = -^^(01,01)^(02,02) - ^Ric p (e,e)R( P ) + l#* Cp (0,©) 2 + ^R(p) 2 - 

Therefore the last line of (21) equals (26) and the integrands (21) become 

= ^-Ric(e, 0) 2 - iffic(0, 0)#(p) + ^R(p) 2 + 7#ic(0i, 2 ) 2 - ^#ic p (0i, 0i)#ic p (0 2 , 2 ); 

lo y lo 4 4 

hence the conformal Willmore functional expressed as in (19), using the last formula and (20), becomes 



I(S p , p (w)) =p 4 f 
Js 2 



^#ic p (0, 0) 2 - i#ic p (0, Q)R(p) + -^R(P) 2 + \R%c(Qi, 2 ) 2 - ^#ic p (0i, 81)^(82, ©2) d£ 
(27) +O p ( P 5 ). 



The integral of the first three summands is well-known (see for example the appendix of [PX]), let us 
compute the integral of the last two summands. 



Claim. 



/ [#zc p (0 1 ,0 2 ) 2 -#ic p (0 1 ,0 1 )#ic p (0 2 ,0 2 )]dE o = — (||#ic p || 2 -#(p) 2 
Js 2 6 



Proof of the Claim: 

As before let us denote with E^.p = 1,2,3 an orthonormal base of T P M and with x M the induced 
coordinates. Under this notation the radial unit vector is 
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Recall that the polar coordinates < 9 1 < ir, < 6 2 < 2tt have been chosen such that S 2 is 
parametrized as follows 

x 1 — sinO 1 cosO 2 
x 2 = sinfl 1 sin0 2 

X 3 — COS0 1 . 

The normalized tangent vectors 9j := j^j have coordinates 

6i = 0i = (cos^cos^cos^sin^-sinf? 1 ) 
x 1 x 3 x 2 x 3 



(28) = ( - , , - ,-^{x^) 2 + {x 2 ) 2 
8 2 = (-sin6» 2 ,cos6l 2 ,0) 

(29) = ( 



\ ^/{x 1 ) 2 + {x 2 ) 21 vV) 2 + (s 2 ) 2 ' J' 
Using this expressions for 0j we get the following formulas for Ric p (Oi, Qj): 



( r l\2(„3\2 1 2/ 3\2 I 3\2 

J?ic p (0i,0i) = fln /iJ ' + 2fii 2 / n ;|V 2 , 2 + R22 , [ Jl ( 2A2 - 2i?i 3 x 1 x 3 - 2R 23 x 2 x 3 + R^x 1 ) 2 + (x 2 ) 2 ^ 



(x 2 Y _ xV , (x 1 ) 2 



ffi Cp (02,0 2 ) - Rn {xl)2 - {x2)2 2R 12 {xl? - {x2)2 + R 22 {xl)2 + {x2)2 

— X^ X^ ' {jX^^j^ 1 x"^ X^ X^ X^ - 2, 1 

_Ric p (0i,9 2 ) = — .Rn - 2_Ri2 .,, , „.„ + i? 2 2 , , / 9N9 + -R12X + R13X — R 23 x . 

{x^-Y + K X Y (x L ) z + [x z Y (x L Y + {x ) 

Notice that the summands which contain a term of the type (x I ) 2m+1 (m e N) have vanishing integral 
on S 2 ; then, calling "Remainder" all these summands, we get 

ffic(9i, 9 2 ) 2 = (R 2 n 2R n R 22 + R\ 2 4 fl 2 2 ) jg^|^ + i? 2 2 (* 3 ) 2 + i? 2 3 (x 2 ) 2 + Rj^x 1 ) 2 
+ Remainder, 

/ 1 \ 2 / 2 \ 2 / 3 \2 

ffic(0!, 1 )i?«c(0 2 , 2 ) = (i? 2 x - 2i?ni? 22 + R\ 2 - ^R\ 2 Y\, l 2 \ 2 1 2 + RnR22(x 3 ) 2 + RnR 33 (x 2 ) 2 + R^R^x 1 ) 2 

[\x ) + (X ) \ 

+ Remainder. 



Therefore the integral of the left hand side of the Claim becomes 



R 2 12 (x 3 ) 2 + R 2 13 (x 2 ) 2 + Rl^x 1 ) 2 - RnR 22 (x 3 ) 2 - RnR 33 (x 2 ) 2 - R^R^x 1 ) 2 

s 2 . 

4-7T 



d£ . 



Recalling that J s2 (x^Y^o = "f"' we can con t m ue the equalities 

47T 

= "g- [#12 + #13 + #23 — #11#22 — #11#33 — -R22-R33] 

2 ?r 222 2 2 2 222 

= — [(i?n + i?22 + #33 + 2-Ri2 + 2-R 13 + 2i?23) — (#11 + #22 + #33 + 2#11#22 + 2i?ni?33 + 2i? 2 2#33)] 

= |(||ffi Cp || 2 -i?( P ) 2 ) 

Now we are in position to conclude the computation of the integral (27). 
It is known that J s2 ffic p (0, 0)d£ o = if#(f>) and J s2 [iftc p (0, 0)] 2 dS o = -[f (2||#zc p || 2 + i?(p) 2 ) (see the 
appendix of [PX]) thus, grouping together this formulas and the claim, we can say that the conformal 
Willmore functional on constrained small geodesic spheres can be expanded as 



i(s P , P M) = I (ll#^ P || 2 ^(p) 2 )p 4 + o p ( p 5 ). 
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A simple computation in the orthonormal basis that diagonalizes Ric p shows that the first term in the 
expansion is the squared norm of the Traceless Ricci tensor: 

(||ffic p || 2 - ^(p) 2 ) = \\Ric p \g P R( P )\\ 2 = \\S P \\ 2 . 

□ 

3.5 Proof of the non existence result 

We start with a Lemma, which asserts that for small perturbation u G C 4 ' a (S 2 ) and small radius p, the 
perturbed geodesic sphere S p , p (u) can be obtained as a normal graph on an other geodesic sphere S PtP - 
with perturbation w G C 4,Q : S p . p (u) = S PtP -(w); for the proof see [Mon] Lemma 5.3. 

Lemma 3.12. Let (M,g) be a Riemannian manifold of dimension three and fix p G M. Then there exist 
5(0, ri) C C 4 ' a (S 2 ), pi > 0, a compact neighbourhood U of p and three continuous functions 

■ p(.):B(0,n)^U CM, 

■ p{.,.) : (0,pi) x B(0,n)->R+ 

• w(., .) : U x 5(0, n) -> C i ' a (S 2 ) ± , 

such that for all p < pi and u G B(0,n), all the perturbed geodesic spheres S PyP -(u) can be realized as 

S P ,p(u) = 5 p ( u ) iP (p )tt )[«;(p(u),u)]. 
Now we are in position to prove the non existence result. 

Proof of Theorem 1.4. 

Since \\S P \\ ^ 0, there exists r\ > and a compact neighbourhood Z c of p such that \\S P \\ > r\ for all 
pG Z c . 

From Lemma 3.10 there exist p > and a ball B(0,r) C C 4 ' a {S 2 ) such that- for w G C 4 ' a± n 5(0, r), 
p <E Z c and p < po- if the perturbed geodesic sphere S PtP (w) is a critical point of / then it; = u> PiP with 
good decay properties as p — > 0. Moreover, for p £ Z c and p < p we can consider the C 1 function 

%P) = ^ M (%)). 

Observe that if S Pv p(w Pv p) is a critical point for J then a fortiori (p, p) is a critical point of the constricted 
functional $(■,•)■ 

Proposition 3.11 gives an expansion for $(p, p); differentiating it with respect to p and recalling (from 
Lemma 3.10) that as p — > one has ||tu Pl p||c 4 .<* = 0(p 2 ) and \\^Wp, P \\L 2 = O(p) uniformly for p G Z c , 
we get 

^$(p,p) = ^||^||p 3 + O p (p 4 ) 

and 



d 



(30) P) > -^VP 3 + 0(p 4 ) for all p G Z, 



9p 



47T 



■5 



where the remainder 0(p 4 ) is uniform on Z c . 

From this equation we can say that there exist pi G]0, po[ such that for all p G Z c and p < pi, (p,p) is 

not a critical point of $. 

Hence 

(31) Vw G C 4 ' a (S' 2 )- L n 5(0, r), p < P2 and p G Z c 

=>■ S PyP (w) is NOT a critical point of /. 

Now from Lemma 3.12, if u G 5(0, n) C C 4 '"^ 2 ) and p < pi, any perturbed sphere S PvP -(u) can be 
realized as 

Sp,p( u ) = S p(u), p (p,u)[w(p( u ), u )], w(p(u),u) G C^iS 2 ) 1 -. 
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From the continuity of the functions p(), p{., .) and w(.,.), there exist p3 G]0, min(/?i, p2)[ and r2 € 
]0,min(r, n)[ such that for all u G £?(0,r2) C C 4 '"(S' 2 ) and p < p$ we have: 

• p(p, u) < p2 and 

• w(p(u), u) G C 4 ' Q (S' 2 )- L n B(0, r). 

It follows that if u G B(0,r 2 ) and p < P3, the sphere Sp.p(u) can be realized as S p ( u ^ p (p tU -)[w(p(u),u)] 
which satisfies the assumptions (31); so it is not a critical point of I. ■ 

4 The conformal Willmore functional on perturbed standard 
spheres Sg(w) in (R 3 ,e/ e ) 

Throughout this section I e (M) := D]dT, e will be the conformal Willmore functional of the 

surface M embedded in the ambient manifold (R 3 ,g e ), where g e = S + eh is a perturbation of the 
euclidean metric (h is a bilinear form with good decay properties at infinity, for simplicity we will treat 
in detail the case when h has compact support but as one can see from the estimates it is enough to take 
h fast decreasing. See for example [Mon] Theorem 1.1). 

The problem will be studied through a perturbation method relying on the Lyapunov-Schmidt re- 
duction: In Subsection 4.1 we will perform the abstract reduction, in Subsection 4.2 we will compute an 
expansion of the reduced functional and in the last Subsection 4.3 we will prove the main Theorems of 
this paper, that is the existence of conformal Willmore surfaces. 

4.1 The finite dimensional reduction 

We already know from Theorem 2 that Io possesses a critical manifold made up of the standard spheres 
S£ of K 3 , we want to study the perturbed functional I e near this critical manifold. First of all let us point 
out a clarification about Ib(S£) and Iq(S£), that are the first and second variations of the unperturbed 
functional on the standard spheres, which will be useful throughout this Section. 

Remark 4.1. In the previous paper [Mon], (remark 3.3, notice the factor difference in the definition of 
the Willmore functional) we observed that 

l'o(S£(w)) = ^3 A 52 (A S2 + 2)u, + ^Q< 2)(4) H 

and 

W P )N = ^3A S2 (A S2 +2)H. 
The sense of the two formulas were the following. 

By definition Sg(w) is a normal graph on with perturbation put (we chose the inward normal N for 
all the computations), hence 

I (SP(w)) = I Q (Sp + f (r o (SP)(jm))dZo + \( {lg{S$)[w]{pw))dZ + o(\w\ 2 ). 

If we want to bring the expression to the standard sphere we get 

Io(S p p (w)) = 7 (S P P ) + J (p 3 l' Q (Spw)dJ:o + \ (p 3 I^Sp[w]w)d^ + o(\w\ 2 ). 

Now we denote 

I' (S^w)) = p 3 I' (S£(w)) = ^A s ,(A s ,+2)[w}+Q p 2 ^( W ) 
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and 

l'o(S p P )[w] = P 3 lS(S£)[w] = ^A S2 (A S2 + 2)H 
then we get the more familiar formula 

Io(S£M) = Io(Sp + I (PoiSfrw) + \( (^(Sp[w]w) + o(\w\ 2 ). 
Js 2 z Js 2 

This was about the functional J ^- but the same argument can be repeated for the functional J D) 

(since the ambient is euclidean, D = K the Gaussian curvature which by the Gauss Bonnet Theorem does 
not influence the differential). Since are critical points for Iq we can say that the conformal Willmore 
functional on perturbed standard spheres is 

h(S p p (w)) = \J (A S2 (A S2 +2)H») +o(\w\ 2 ). 

In the following we will always denote 

i'(spH = iA s2 (A s2 +2)H + Q( 2)(4) H 
W)[w] = \a S 2{A s3 +2)[w] 

since, as we saw, it is more natural. 

Since from Proposition 3.11 we have an expansion of I f on small geodesic spheres and on the other 
hand the critical manifold of Iq is made up of standard spheres, let us link the two objects. The geodesic 
sphere in (R 3 , g e ) of center p and radius p will be denoted by S pp . 

Lemma 4.2. For small e the geodesic spheres S p are normal graphs on the standard spheres S£ with a 
perturbation v e £ C°°(R + x R 3 x S 2 ): 

s;, p = s?(v e (p,p,.)). 

Moreover the perturbation v e satisfies the following decreasing properties: 

1) pv e = O(e) in C k norm on compact subsets o/R + x R 3 x S 2 for all k > 0; 

2) v e (p, ., .) = O(p) as p — > uniformly for 9 € S 2 and p in a compact subset o/R 3 . 

Proof. The geodesic spheres S pp are parametrized by © i-> Exp p (p<d). So one is interested in the solution 
of the geodesic equation 

f + ' ', /, fi J f/ 1 ' = o 

y l (o)=P l 
j/*(o) = & 

evaluated at p. We look for y % of the form 

y l = p l + p® 1 + eu 1 + o(e) 

where 

«':l + xI 3 xS 2 4l, (p,p,9) hW(p,p,0) 

is C°°(R + x R 3 x S 2 ) and have to be determined. A straightforward computation ( setting T l - k — eT l - k ) 
shows that u l must solve the following non linear second order ODE: 

u l +t i jk Q^G k = 
u l (0) = 
??(0) = 



22 



• pv e = O(e) in C k norm on compact subsets of M + x R 3 x S 2 for all k > 



where we have denoted and and the equation has to be considered at (p, 0) fixed. 

Since h is compactly supported (more generally it is enough to assume that h and its first derivatives 
vanish at infinity), the Christoffel symbols P* fc vanish at infinity and the ODE admits unique solution 
defined for all p > 0. From differcntiable dependence on parameters, u l is of class C°°(R + x R 3 x S 2 ), 
observe also that u l — 0(p 2 ) as p — > uniformly for Be S 2 and p in a compact subset of M 3 . 
It follows that the geodesic sphere p can be obtained from the standard sphere with the small 
variation eu l (p,p, 0). Now it is easy to see that for e small enough there exists v e G C°°(R + x M 3 x S 2 ) 
such that 

• s; tP = sp(v e ) 

C k norm on compact subsets of 

• v e (p, 0) = O(p) as p — > 0, uniformly for O G 5 2 and p in a compact subset of R 3 . 

□ 

Now we define the manifold of approximate solutions that will play the role of the "critical manifold" 
Z. Let Ri and i?2 be positive real numbers to be determined and x a C°°(R + ) cut off function such that 

X(p) = 1 for < p < Ri 
< x(p) < 1 for i?i < p < i? 2 
X(p) = 0forp>i? 2 . 

We denote with Ep p the perturbed standard sphere 

(32) s; iP = SP(xVe) 

and we consider it as parametrized on S 2 ; observe that for p < Ri one gets the geodesic spheres = S p 
and for p > R 2 one has the standard spheres E^ = Sg. 

Denoted by N the inward normal unit vector, given a function w on S" 2 , E^ p {w) will be the surface 

parametrized by Ep + pwTV (notice that we are consistent with the previous notations since points 
outward). 

At this point we can state the two Lemmas which allow us to perform the Finite Dimensional Reduc- 
tion. Recall that, as always, P : L 2 (S 2 ) — > Ker[A S 2(A S 2 + 2)] 1 - is the orthogonal projection. 

Lemma 4.3. For each compact subset Z c C R 3 © R+ ; there exist e > and r > with the following 
property: for all \e\ < e and (p, p) G Z c , the auxiliary equation PI' e {Yi p p (w)) = has unique solution 
w = w e (p, p) e B(0, r) C C^iS 2 ) 1 - such that: 

1) the map w e (., .):Z c -> C^iS 2 ) 1 - is of class C 1 ; 

2) ||w e (p, p)\\c i '°'(S 2 ) ~^ f or 6 uniformly with respect to (p,p) € Z c ; 

3) more precisely ||w e (p, p)||c 4 ' a (S 2 ) = O(e) /or e — > uniformly in (p, p) G Z c ; 
||ui e (p, p)||c74, Q = 0(p 2 ) uniformly for p in the compact set. 

Proof. The proof will be rather sketchy, for more details we refer to Section 4 of [Mon] . 

• p < R\\ Recall Lemma 3.10 and choose R\ = /?o; for p < R\, the surface E£ coincides with the 
geodesic sphere S PtP , so thanks to Lemma 3.10 there exists a unique w € (p, p) G ^^{S 2 ) 1 - which solves 
the auxiliary equation. During the proof of Proposition 3.9 we wrote /' as in equation (15); observing 
that all the curvature tensors of (R 3 , g e ) are of order 0(e) (in C k norm Vfc G N on each fixed compact set 
of R 3 ), it follows that 

Pl' e (S; iP (w € (p,p))) = ±A Skp(WtM) H + Q^(w e (p,p)) + O(e) = in C°^(S 2 ); 

from this formula and the expansions of h, g^ 1 and iJ, we have that 

A S2 (A S2 +2)[w e (p,p)} +QW(w e (p,p)) = 0(e) in C°' a (S 2 ) 
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uniformly for (p, p) € Z c ; first observe that ||w e ||c 4 ' a (S 2 ) ~> as e — > uniformly in Z c so the second 
summand is negligible, then conclude that ||we||c 4 > a (,S 2 ) = 0(e) uniformly on Z c . The other properties 
follow from Lemma 3.10. 

• p > R2: in this case the surface E£ coincides with the standard sphere Sg for which the discussion 
has already been done in Lemma 4.1 of [Mon]. 

• Ri < P < R2- with a Taylor expansion the auxiliary equation becomes 

= pi' e m !P ( We )) = pr e m >p ) + pi 1 :^)^] + (iKu C 4, a(S2) ). 

But by definition E£ = 5^(x«e), so 

I' e m >p ) = I' e {S${xVc)) = Io(SP + Io(S£)[xVe] + 0(e). 
Since I^Sg) = and \\v e \\ C 4, a = 0(e) we get 

||/ £ (E^)|| C o, a(s2) =0(e). 

Now PIq(S£) = A S 2(A S 2 + 2) which is an invertible map C 4 ' a -> C°<" uniformly on Z c ; since the 
set of invertible operators is open, for e small also PI'J(SP) is uniformly invertible. From the fact that 
||i> £ || c j.(s2) = 0(e) for all k it follows that also P/"(Ep ) = PI' e '(SP(xv e )) is uniformly invertible on Z c . 
With a fixed point argument analogous to the proof of Lemma 4.1 in [Mon] it is possible to show that 
there exist r > and a unique solution w e G B(0, r) C C 4 < Q of 

We = -pi'j^y^pi'^) + o(\\ We \\ c ^ {s2) )) 

with the desired properties. □ 

Now we are in position to define the reduced functional $ e (p, p) — I e (T,p p (w e (p, p))) and to state the 
following fundamental Lemma: 

Lemma 4.4. Fixed a compact set Z c CI 3 ffi R+, for \e\ < eo consider the functional $ e : Z c — > M. 
Assume that, fore small enough, $ e /ias a critical point (p e ,p e ) e Z c . T/ien (w e (p e , p e )) is a critical 

point of I e . 

Proof. The proof is a slight modification of the proof of Lemma 4.2 in [Mon] just using the good decay 
properties of v e , w e and their derivatives as e — > 0. □ 

Remark 4.5. The reduced functional $ £ is defined for small e once a compact Z c C M 3 ffiM + is fixed. In 
the following discussion we will study the behaviour of <I> e for large p; this makes sense since the compact 
Z c can be chosen arbitrarily large and the solution of the auxiliary equation w e (p, p) given in Lemma 
4-3 is unique in a small ball of C 4 ' a (S 2 )- L . However the compact Z c will be chosen in a rigorous and 
appropriate way in the proofs of Theorem 1.1 and Theorem 1.2. 

4.2 Expansion of the reduced functional / e (£p Jw e (p, p))) 

Since Lemma 4.3 applies, we can perform the Finite Dimensional Reduction. In this Subsection we will 
study the reduced functional <fr e (p,p) = I e (Ep (w e (p, p))). For p < R\, = S p p so for small radius p 
we have the explicit expansion of $ e (p, p) — I e (S p p (w e (p, p))) given by Proposition 3.11. More generally, 
for all the radius we can write the conformal Willmore functional on our surfaces E£ tP (w) as 

(33) = /o(E;,») + eG 1 (^ p (w)) + e 2 G 2 (^ p (w)) + o(e 2 ). 

Now let us study the case p > i?2, when E£ = S?; in this circumstance we get the formula 

(34) Ie(S p p (w)) = I (S p p (w)) + eGx(SP(w)) + e 2 G 2 (S?(w)) + o(e 2 ). 
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Lemma 4.6. For all standard spheres Sg one has 

Io(Sp = G 1 (Sp = 0. 

Proof. As above, we write the functional as I e (Sg) = Io{S£) + eGi(Sg) + o(e). First let us expand in e 
the geometric quantities of interest starting from the area form dS £ := y/E e G e - F 2 . 

E e = g e (6 1 ,6 1 ) = (6 1 ,6 1 )+eh(6u0 1 )=E Q + eh(6 u e 1 ) 

F e = F + eh(e 1 ,e 2 ) = eh(e 1 ,e 2 ) 

G e = G + eh(9 2 ,9 2 ), 

where (., .) denotes the euclidean scalar product and Eq,Fo, Go are the coefficients of the first fundamental 
form in euclidean metric. The area form can be expanded as 



rfS e := y/E e G e - F? 

= y/EoGo + e(E o h(0 2 , 9 2 ) + G h(9 1 ,9 1 )) + o(e), 

where the remainder o(e) is uniform fixed the compact set in the variables (p, p), p > 0. 
Using the standard Taylor expansion y/a + bx + ex 2 = \fa + \ -^x + o(x), we get 

(35) y/E e G e -F? = iMigHl^Hg^i) +Q(e)> 

where the remainder o(e) is uniform fixed the compact set in the variables (p,p). 

Now let us expand the second fundamental form. 
First of all we have to find an expression of the inward normal unit vector v f on in metric g e . 
We look for v e of the form 

v € = v + eN + o(e) 

where v — — is the inward normal unit vector on in euclidean metric and the remainder is o(e) 
uniformly fixed the compact in (p, p). From the orthogonality conditions g e (9\, v e ) — and g e (9 2 ,v e ) = 0, 
we get 

= g e (6i,Ve) = {6 1 ,v ) + e{9 u N) + eh{e u v ) + o{e) 
= g e (6 2 ,v e ) - {9 2 ,v ) + e(9 2 ,N) + eh{e 2 ,u ) + o(e) 

from which, being i/ the euclidean normal vector to S£, 

(36) {N,0i) = -h(yo,6i) 

(37) (N,6 2 ) = -h(u ,0 2 ). 

Imposing the normalization condition on is f we obtain 

1 = g e (v € , v t ) = (vq, v ) + 2e(^ , N) + eh(u , vq) + o(e) 
from which, being {vq,vq) = 1 

(38) {N,v ) = ~h{y Q ,v Q ). 

Denote with 9i — the normalized tangent vectors; since (9i,9 2 ,fo) are an orthonormal base, the 
expressions (36), (37), (38) characterize univocally N, which can be written in this base as 

(39) N = -h{u , h)0i - h{v , 9 2 )9 2 - ^h(v , vq)vo. 
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Knowing the normal vector we can evaluate the coefficients of the second fundamental form 

h ei j ~ -ge(V$il>e,0j), 

where V is the connection on R 3 endowed with the metric g t . By linearity, denoting with the standard 
cuclidcan frame of M 3 

where T^ x are the Christoffel symbols of (R 3 ,g e ). 
Let us find an expansion in e of T^ A . By definition 

T^a - \g^\D^gxa + D x g^ - D a g^]. 
Noticing that g^ a = 5^ a — eh^ + o(e) and D^gx a = eD^hxa, we obtain 

T»x = ^{D^hxv+Dxh^-Dvh^+oie) 
= \e5 v °A„ a x 

(40) 

where we set 

(41) A^x ■= [D^hx,, + Dxh,^ - D v h^x\- 



Hence 

and the second fundamental form becomes 



duo n \ fdN 



00*' 3 ) \d0 v 3 



\^vlA, v x. 



In order to simplify the expressions let us recall the values of the coefficients of the unperturbed first 
fundamental form 

E = P 2 

F Q = 

G = p 2 sm 2 e\ 

those of the unperturbed second fundamental form (following the classical notation of the theory of 
surfaces, we denote with l ,mo 7 n the quantities hn 117 h 0l27 h 022 ) 

h = P 
m = 
no = psin 2 1 

and the unperturbed mean curvature and Gaussian curvature 

P 



P 



2G 



From formula (22) in the proof of Lemma 3.4 in [Mon] and the above expressions of the unperturbed 
quantities we have immediately that 



H 2 

-^dS e = 47T--6 



s 2 



J 2 J s 2 



dE 



(43) e f 



)x(0,2tt) 



d6 1 d6 2 - e 



J 

Js 2 



eE + o(e) 



Now we have to compute j s ? D e dT, e . Knowing the first and the second fundamental forms we can evaluate 

del. h r 
dct g € 

det h e = det ho — e^o 



D € := in fact observing that 



(44) 

and that 



-eic 



det.g £ = det .go + eE o h(6 2 ,0 2 ) + eG h(6 u 6i), 



using the Taylor expansion a+eb 1 +o(e) = £ - e^r + o(e), we get 



n 



D e = D - e- 



M$Mi) + (|£,0i 



MfgM 2 ) + (|£,02 



EqGo 



[Eohie^e^ + GohiOuO^detho ,. 
-e- — - h o(e). 



(EoGo) 2 



Recalling (35) we obtain 



./S£ ./S£ 1 J(0,7r)x(0,27r) I 



.: / D i E h(e 2 ,e 2 ) + G h(e 1 ,e 1 ) \ Ml 

)x(0,2tt) 



■n 



dO 1 ' 



M 1 ' 



|n ^^^^A + /o 



M f|l^2 



a 



(0,7r)x(0,27r) 



— e 



y/EoGo 

\lo9^9 v 2 ^A^ x [E h(6 2l 6 2 ) + G ft(gi, 0i)] dct A I 



(0,7r)x(0,27r) I V^oGo 



+ 



(£ G ) 3 / 2 



d0W + o(e). 



(45) 



Plugging the unperturbed quantities into (45), after some easy computations we get 
f D e dX e = 4n -\ e f [h{6 2 ,e 2 ) + h{hA)]dV -e f 



dO^dO 2 



'(0,7r)x(0,27r) 

I^^i^Va + ^ f a] [dSo + o(e). 



Comparing the integrals (43) and (46) we see that all terms cancel out and we can conclude that 



/ 



d£ e = o(e). 



□ 
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In the following Lemma we find the expansion of the reduced functional $ e in terms of Iq,G\, G2 and 
their derivatives. Recall the notation introduced in Remark 4.1 about I' and I({ and the definition of R2 
given in the Subsection 4.1 after Lemma 4.2. 

Lemma 4.7. For p > R 2 the reduced functional has the following expression: 



Proof. With a Taylor expansion in e, w and recalling that ||w;||c"»,<* = 0(e) (see Lemma 4.3), we have 



Observe that from d (5^) = Vp, p it follows that G[ (S£) e Ker[A S 2 (A S 2 +2)]- 1 , so PG[(SP) = Gi(S£). 
Hence, recalling that 7 (S£) = 0, 7£(S£) = 0, = 0we have 

J e (S£(tu)) = I (S?(w)) + eGr(^H) + e 2 G 2 (S£H) + o(e 2 ) 



Now we want to estimate the quantities G' 1 (S^) and G2(5^) appearing in the expression of the reduced 
functional. 

Lemma 4.8. Writing the conformal Willmore functional on perturbed standard spheres as in (34), we 



where L(.) and Q(.) denote a generic linear (respectively quadratic) function in the entries of the matrix 
argument with smooth coefficients on S 2 which can change from formula to formula and also in the same 
formula. 

Proof. To get the expression of the desired quantities we compute the expansion of I t (Sp at second order 
in e and first order in w. In the intention of simplifying the notation, we will omit the remainder terms in 
the expansions. During the proof we use L{.) and Q{.) to denote a generic linear (respectively quadratic) 
in the components real, vector or matrix-valued function, with real, vector or matrix argument and with 
smooth coefficients on S 2 . The letter a will denote a smooth real, vector or matrix- valued function on 
S 2 . L,Q and a can change from formula to formula and also in the same formula. 

Let us start with the expansion. Observe that S£ is parametrized by p + p(l — w)Q so the tangent 
vectors are 






□ 




Zi = p(l - w)Qi - pw t O = p(a + L{w) + L{Dw)). 



The first fundamental form on is 



g l3 = g e (Zi,Zj) = {Z i: Zj) + eh(Z l: Zj) = p 2 a + L(w) + L(Dw) + eL(h)(a + L(w) + L{Dw)) 
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and 



det g = p 4 a + L(w) + L(Dw) + eL{h)(a + L(w) + L{Dw)) + e 2 Q{h) 



\J det g 



a + L(w) + L(Dw) + eL(h){a + L(w) + L{Dw)) + e 2 Q(h) 



it's easy to see that the inverse of metric is 

g ij = a + L(w) + L(Dw) + eL(h)(a + L{w) + L{Dw)) + e 2 Q(h) 
The normal versor i/ € has to satisfy the three following equations: 

= g e (v e ,Zi) = {v ei Zi) + eh(v e , Z t ) = i/ e (l + eL(h))(a + L(w) + L(Dw)^ 

1 = g e (v e ,v e ). 

Hence, just solving the linear system given by the first two conditions and plugging in the third one, we 
realize that 

v t = a + L(w) + L(Dw) + eL(h)(a + L(w) + L(Dw)) + e 2 Q{h). 
In order to compute the second fundamental form h e — -^(Vz^e, Zj) recall that 

V Zi i/ e 

and that 



dd' 1 1 e ^dx» 



1 



e6™[D„h Xa + D x h a „-D a h 



/jA 2 l-^m 
so the covariant derivative of v f can be written as 



eL(Dh), 



a + L(w) + L(Dw) + L(D 2 w) + eL(Dh)(a + L(w) + L{Dw)) + eL(h)(a + L(w) + L(Dw) + L(D 2 w)) 



+epL{Dh)(a + L{w) + L{Dw)) + e 2 (l + p)L{h)L{Dh) 
and the second fundamental form becomes 



h e = P 



a + L(w) + L(Dw) + L(D 2 w) + eL(Dh){a + L(w) + L{Dw)) + eL(h)(a + L(w) + L(Dw) + L(D 2 w)) 



+ep 2 L{Dh)(a + L{w) + L{Dw)) + e 2 p(l + p)L(h)L(Dh) + e 2 pQ{h). 

Using the previous formulas now we are in position to estimate H, H 2 and D. With some easy compu- 
tations one gets 



H 



H 2 



det h 



D 



a + L{w) + L(Dw) + L{D 2 w) + eL(Dh)(a + L{w) + L(Dw)) + eL(h)(a + L(w) + L{Dw) + L(D 2 w)) 
+eL(Dh)(a + L{w) + L{Dw)) + e 2 i(l + p)L(h)L(Dh) + e 2 ^Q(h). 
' + L(w) + L(Dw) + L{D 2 w) + e(L(h) + L(Dh) + pL(Dh))(a + L(w) + L{Dw) + L(D 2 w)) 

2 2 

+e 2 ^(l + p)L{h)L{Dh) + ^(Q(h) + Q(Dh)) + ^—L(Dh)(L(h) + L(Dh)) + e 2 Q(Dh) 

+■ L(w) + L(Dw) + L(D 2 w) + e(L{h) + L(Dh) + pL(Dh))(a + L(w) + L(Dw) + L{D 2 w)) 
+e 2 p 2 (l + p)L(h)L(Dh) + e 2 p 2 (Q(h) + Q{Dh)) + e 2 p 3 (l + p)Q(Dh) 



det/i 
det g 



1 



a + L(w) + L(Dw) + L(D 2 w) + e(L(h) + L(Dh) + pL(Dh))(a + L{w) + L(Dw) + L(D 2 w)) 



+-j(l + p)L{h)L{Dh) + -^{Q(h) + Q{Dh)) + e 2 -(l + p)Q(Dh) 
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Now we can compute I e (S^(w)) = I (S^(w)) + eGi(Sg(w)) + e 2 G , 2(5'^(w)) at the second order in e and 
first order in w: 



JS 



Sp 
+e 



dS = / [a + L(w) + L(Dw) + L(D 2 w)] d£ 
Js 2 

(L(h) + L(Dh) + pL(Dh)) (a + L(w) + L(Dw) + L(D 2 w)) 

(1 + p)L(h)L(Dh) + pL(Dh)(L(h) + L(Dh)) + Q{h) + Q(Dh) + pQ(Dh) + p 2 Q(Dh) 

So Gi (££(«;)) - J s2 [(L(h) + L(Dh) + pL(Dh)) (a + L(w) + L(Dw) + L(D 2 w))}, but also 

Gi(S£M) = G^Sp + f G[(SP)wdS ; 

Js 2 

with an integration by parts we get the first variation 

J 2 G[(SP)w = J ^ \{L{h) + (1 + p){L(Dh) + L(fl 2 /i) + L(D 3 /i)))w]d£ , 

then the differential of G\ at S£ is 

G\{S p p ) = L(h) + (l + p) [L(Dh) + L(D 2 h) + L(D 3 h)] . 

Finally observe that 
1 + P 



G 2 (S£) 



, L(h)L(Dh) + -L(Dh)(L(h) + L(Dh)) + \(Q(h) + Q(Dh)) + -Q(Dh) + Q(Dh) 
P P P P 



dE 
□ 



4.3 Proof of the existence Theorems 

In order to get existence of critical points we study the reduced functional <I> e : R 3 ® R+ — > M. Since for 
small radius p, the reduced functional coincides with the conformal Willmore functional evaluated on the 
perturbed geodesic spheres S p p (w e (p, p)) obtained in Lemma 3.10, then we know the expansion of $ £ for 
small radius from Proposition 3.11. Now, using the expression of the reduced functional for large radius 
given in Lemma 4.7 and the estimates of Lemma 4.8, we are able to bound $ e (p, p) for large radius. This 
is done in the following Lemma: 



Lemma 4.9. Let h^ u <G Gg^R 3 ) a symmetric bilinear form with compact support (it is enough that h 
and its first derivatives decrease fast at infinity) and let c e R such that 

c := sup{ 1 1 || jfi (tt) : n is an affine plane in R 3 , p, v = 1, 2, 3}. 

Then there exists a constant C c > depending on c and i? 3 > such that for all p > R3 

\Mp,p)\<e 2 C c . 

Moreover one has that V?7 > there exist S > small enough and > large enough such that for c < S 
and p > i?4 

|$ e (p,p)| < ??e 2 . 
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Proof. For simplicity the proof of the Lemma is done in the case h G . Using the notations established 
in Remark 4.1, from Lemma 4.7 and Lemma 4.8 we can write the reduced functional as 



-o(e 2 ) 



^L(h)L(Dh) + - p L(h)L{Dh) + -^(Q(h) + Q(Dh)) + -Q{Dh) + Q(Dh) 
L(h) + (1 + p)(L(Dh) + L(D 2 h) + L(D 3 h)) x 



cE 



J si P 



x (A S2 (A 5 2 + 2))- 1 [L(h) + (1 + p)(L(Dh) + L(D 2 h) + L(D 3 h))] 



Now denote K = supp(h) which is a compact subset of R 3 ; of course in the formula above the domain of 
integration can be replaced with n K. 

Observe that for all cr > there exists R > with the following property: 
for all standard spheres S£ with radius p > R there exists an affine plane iCK 3 such that 



(47) 



\H 1 (S$r\K) 



< 



\H 1 (-kP i K) 



+ 0-. 



This is simply because one can approximate (in C k norm for all k G N ) the portion of standard sphere 
P\ K with a portion of an affine plane 7r provided that the radius p is large enough. 
So the first integral can be bounded by a constant times ||/i|| %if nnK \ + o . Using the standard elliptic 

regularity estimates and integration by parts also the second integral can be bounded with a constant 



times 



+ C7. 



Hence for all cr > there exists R > and C > such that for all (p, p) with p > R, there exists an affine 
plane ir such that 

\^(p,p)\<e 2 C(\\h\\m ( „nK)+v)- 

Notice that C depends on the structure of the functions L{.) and Q{.) but is uniform in (p, p), R and cr 
as above. Recalling the definition of c we get: 

For all a > there exists R > such that for all (p, p) with p > R, 

\^(p,p)\<e 2 C(c 2 + <T). 

Clearly setting cr — 1, R 3 = R and C c — C(c 2 + 1) one obtains the first part of the thesys. For the second 
part we have to show that for all r] > there exist S > and R4 > such that if c < S then for all (p, p) 
with p > R4 one has $ e (p,p) < e 2 ^; but this is true setting above S 2 = a = ^ and R 4 = R associated 
to cr as before (observe that the estimate is uniform in p). □ 



Now we are in position to prove the main results of the paper. 



Proof of Theorem 1.1 In order to show the Theorem, by Lemma 4.4, it is enough to prove that 
$ e has a critical point. 
Observe that for p < Ri 

$ e (p,p) = i e (s;jw e )) = o( P 4 ), 

so $ e can be extended to a C 1 function up to p = just putting $ e (p, 0) = for all p G M 3 . 

Let i?3 and C c be as in Lemma 4.9. Since h has compact support, there exists a R > such that for 

|p| > R and p < R 3 , S? n supp(h) = 0. 

In order to apply the Finite Dimensional Reduction, we have to fix a compact Z c Cl 3 ffi K + . Let us 
choose it as 

Z c :={(p,p) : \p\ < R,0<p<R 3 }. 

Apply Lemma 4.3 to the compact Z c and observe that on the boundary dZ c we have: 
- p = 0: $ e = 0. 
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- \p\ — R: $ e — 0. In fact for \p\ = R the standard sphere does not intersect the support of h, so 
E pp = for all the radius < p < R3; since the solution of the auxiliary equation PI' e (Y lpp (w e )) = 
is unique for w e small enough and since is already a critical point for I e {= la since fl supp(h) = 0) 
it follows that T, pp (w e ) — Sg, hence 

$ e (p,p) = J e (E; iP («; e )) = I e (S£) - I (S£) = 0. 

-p = R3: from Lemma 4.9 we have that |$ e | < e 2 C c . 

Now observe that 3> e = 0(e 2 ) uniformly on Z c : 
from the definition of reduced functional, with a Taylor expansion one gets 

* e (p, P ) - J e (s;, p («; e )) = /e(^)K] + o(ku 2 ), 

but ||we||c 4 .°(s 2 ) — 0(e) and || f e || c 4 .° (s 2 ) — 0(e) uniformly for (p, p) G Z c , so 

I' e m, p ) = = W)[v e ] + eG[(Sp + o(e) = 0(e) 

hence $ e = 0(e 2 ) uniformly on Z c . 

At this moment we know that $ e is of order 0(e 2 ) uniformly on Z c and we know its behaviour on the 
boundary dZ c . 

Now we are going to use the expansion for small radius computed in Proposition 3.11. Recall that for 
p < <& e (p, p) — I e (Sp >p (w e (p, p))) and from Proposition 3.11 we have the expansion: 

$ e (p,p) = ?r\\S p \\ 2 p 4 + 0(e 2 )O p (p 5 ). 

Recalling (6), the first term can be written as ||5 P || 2 = e 2 s p + o(e 2 ), so 

d> e (p,p) = £eV 4 + p 4 o(e 2 ) + 0(e 2 )O p (p 5 ). 
5 

Choose p < Ri such that for small e the remainder \p 4 o(e 2 ) + 0(p 5 )0(e 2 )\ < e 2 and choose A c > f ^r^- 
If there exists a point p such that s p > ^4 C then 

$ e (p,p) > e 2 C c 

so $ e attains its global maximum on Z c at an interior point (p e ,p e ) for all e small enough and applying 
Lemma 4.4 we can say that E p (iy e (p, p)) is a critical point of J e for e small enough. 
Since for e — > we have ||«e||c 4 ' a (S 2 ) ~~ * an d ||^e||c 4 - a (S 2 ) ~ ^ (see Lemma 4.2 and Lemma 4.3), then 
the critical point E p (w e (p, p)), for small e, can be realized as normal graph on a standard sphere and it 
converges to a standard sphere as e — > 0. ■ 



Proof of Theorem 1.2 Recall (6) and let p £ M 3 be a maximum point of the first term in the expansion 
of the squared norm of the Traceless Ricci tensor: s p = M. Observe that from Proposition 3.11 and from 
the proof of the last Theorem, for small radius p the reduced functional $ e (p, p) expands as 

$ e (p,p) = Je%p 4 + p 4 o(e 2 ) + 0(e 2 )O p (p 5 ). 
5 

Let p and e small enough such that the remainder |p" 4 o(e 2 ) + 0(e 2 )Op(p 5 )\ < f^Me 2 p 4 ; in this way 

$ e (p,p)>^MeV. 

From the second part of Lemma 4.9 there exist 5 m > and R4 > such that, if c < 5 m 

|$ e (p,p)| < ^Me 2 p 4 V(p,p) :p>i? 4 . 
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(Recall that h has compact support and if T, pp (w e (p, p)) does not intersect supp(h) then $ e (p, p) = 0.) 

As in the proof of Theorem 1.1, let R > be such that for \p\ > R and p < R4, Sp 1 (1 supp(h) = 0; 
now we apply the Finite Dimensional Reduction to the compact subset Z c C K 3 © K + defined as 

Z c :={(p,p):\p\<R,0<p<R i }. 

If we apply Lemma 4.3 to the compact Z c , from the previous discussion and from the proof of Theorem 

1.1, on the boundary dZ c we have: 

_ p = 0: $ e = 0. 

- H = R: $ £ = 0. 

-p = R i : \MP,P)\ < ^Me 2 p\ 

Observe that (p, p) is an interior point of dZ c and that 

$ e (P,p) > TfMe^ 4 > sup \$ e (P,p)\ 
iu (p, P )edz c 

so $ £ attains its global maximum on Z c at an interior point (p € ,p € ) for all e small enough. Applying 
Lemma 4.4 we can say that T, p p (w € (p, p)) is a critical point of I f for e small enough and we conclude as 
in the previous Theorem. ■ 
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